A typical galactic disk is observed to have a finite thickness. Here, we present the study of the physical effect of introduction of finite thickness on the generation of small-scale spiral arms by swing amplification in a differentially rotating galactic disk. The galactic disk is modelled first as a one-fluid system, and then as a gravitationally-coupled two-fluid (stars and gas) system where each fluid is taken as isothermal, and corotating with each other. We derived the equations governing the evolution of growth of the non-axisymmetric perturbations in a sheared frame of reference while incorporating the effect of finite thickness of a galactic disk. We found that the finite thickness of a galactic disk has a generic trend of suppressing the growth of the non-axisymmetric perturbations via swing amplification. Moreover, even the observed range of disk-thickness values (∼ 300-500 pc) can lead to a complete suppression of swing amplification for Q ∼ 1.7, whereas for an infinitesimally-thin disk, the corresponding critical value is Q ∼ 2. For a two-fluid (stars and gas) system, the net amplification is shown to be set by the mutual interplay of the effect of interstellar gas in promoting the spiral features and the effect of finite thickness in preventing the spiral arms. The coexistence of these two opposite effects is shown to be capable of giving rise to diverse and complex dynamical behaviour.
Introduction
Several past studies, starting from Goldreich & Lynden-Bell (1965) ; Julian & Toomre (1966) ; Toomre (1981) have shown conclusively that a galactic disk responds remarkably to the non-axisymmetric perturbations even though the disk is stable against the axisymmetric perturbation. This finding holds true whether the galactic disk is modelled as collisionless (Julian & Toomre 1966; Toomre 1981) or as fluid (Goldreich & Lynden-Bell 1965) . It was shown that due to the mutual interplay among the shear of disk, epicyclic motion of the particles and the self-gravity of the disk, the initial non-axisymmetric perturbations get amplified, grow for a limited time, before finally being smeared out by the shear of the system. This phenomenon was identified as the mechanism for producing small-scale spiral features (material arms) in the disk. The 'swing amplification' process as coined by Toomre (1981) , continued to be explored in later times by means of analytical methods (e.g. see Athanassoula 1984; Jog 1992; Fuchs 2001; Michikoshi & Kokubo 2016a,b) and N-body simulations (e.g. see Sellwood & Carlberg 1984; Carlberg & Freedman 1985; Sellwood 2011; Fuji et al. 2011; Baba, Saitoh & Wada 2013; D'Onghia, Vogelsberger & Hernquist 2013; Grand, Kawata, & Cropper 2013) , along with some applications to external galaxies (e.g. see Ghosh & Jog 2014; D'Onghia 2015; Ghosh & Jog 2018) .
Although these studies, taken together, have revealed many useful insights about the generation of spiral features and their subsequent effect on the secular evolution of the galactic disk, however these studies assumed a number of approximations. For example, most of the analytical studies assumed an infinitesimally-thin disk for the simplicity of the calculation (however see Goldreich & Lynden-Bell 1965) . This assumption is reasonably justified when the height of the disk is small compared to the wavelength of the perturbation (e.g. see Toomre 1964) .
In reality, a galactic disk is never infinitesimally-thin by its nature. For example, the thin-disk component of Milky Way has a scale-height of ∼ 300 pc at the solar neighbourhood (e.g. see Juric et al. 2008) , and therefore, it would be worthwhile to investigate what the effects of the finite disk would be. This is the motivation for our work. Further, the height of the thin stellar disk is known to increase with radius, by a factor of 2-3 within the optical radius, as seen observationally (de Grijs & Peletier 1997) and also shown on general theoretical grounds (Narayan & Jog 2002a) . Recent N-body simulations by Kawata et al. (2017) showed that an initially flared, thindisk model can produce a negative vertical metallicity gradient (due to radial mixing driven by bars and spiral arms), consistent with the current observational trend. Recent observations of our Galaxy (Lopez-Corredoira & Molgo 2014) have shown the scale-height to increase substantially between radii from 8.5 kpc to 25 kpc. Thus, all these facts considered together, indicate that a more realistic study of small-scale spiral structure generated by the swing amplification process should include the effect of the finite thickness of a galactic disk.
In the literature, it has been shown that the introduction of finite thickness of a galactic disk leads to a reduction in the radial force in the mid-plane and can be treated as an effective reduction in the surface density in the mid-plane (e.g. see Toomre A&A proofs: manuscript no. ghosh_corrected 1964; Jog & Solomon 1984; Jog 2014 ). This in turn will tend to make the galactic disk more stable against the axisymmetric perturbations (Toomre 1964; Jog 2014) . Goldreich & Lynden-Bell (1965) derived the equations for evolution of non-axisymmetric perturbations in a sheared frame for a fluid disk with finite thickness, and Julian & Toomre (1966) showed that for a local patch of a stellar disk, the finite thickness reduces the amplitude of the density transforms. However, the effect of the finite thickness of a galactic disk on the growth of non-axisymmetric perturbations via swing amplification and hence on the the small-scale spiral arms has not been explored systematically so far.
In this paper, we revisit the finite thickness problem for a galactic disk modelled as fluid and investigate the physical effect of finite thickness of a galactic disk on the resulting swing amplification process by employing a much wider ranges of input parameters (such as Toomre Q parameter). The usage of wider ranges of input parameters will help us to understand the physical effect of the finite thickness on swing amplification in detail.
We modelled the galactic disk first as a one-fluid system and then as a gravitationally-coupled two-fluid (stars and gas) system where the gas has a lower velocity dispersion as compared to stars. We derived the equations describing the evolution of local, non-axisymmetric perturbations in sheared coordinates for both the one-fluid and two-fluid systems having finite thickness. Using these equations, we investigated the effect of finite thickness on the efficiency of the swing amplification mechanism. Since a mode with highest Maximum Amplification Factor (MAF) (for definition see § 2.2) is likely to stand out in a real system out of all possible modes, therefore we have focused on how the MAF changes as a function of increasing thickness of the disk, first for a one-fluid galactic disk and then for a two-fluid system.
We show that the inclusion of finite thickness of a galactic disk decreases the MAF of the resulting swing-amplified features in the disk plane. More than that, for some ranges of thickness values (which lie well within the observed ranges of thickness of the disks), the swing amplification is damped almost completely. This holds true for wide ranges of Toomre Q parameters and thickness of the disk, and hence the effect is generic.
We find that for a gravitationally-coupled two-fluid (star-gas) system, the mutual interplay between the effect of interstellar gas in helping to host strong spiral features and the effect of finite thickness in preventing the strong spiral features is capable of showing a range of diverse and physically rich scenarios which otherwise can not be obtained from infinitesimally-thin modelling of a galactic disk.
The rest of the paper is organized as follows. § 2 gives the derivation of the equations for swing amplification for a galactic disk having finite thickness. § 3 describes the results and § 4 discusses some applications for realistic galaxies while § 5 and § 6 contain the discussion and conclusions, respectively.
Formulation of the problem
Following the formulation of Jog (1992) , first we started with an infinitesimally thin galactic disk, and subsequently we incorporated the effect of the finite thickness of a galactic disk in the equations.
Non-axisymmetric perturbation in infinitesimally thin fluid disk
The formulation of local, non-axisymmetric linear perturbation analysis of a galactic disk is largely followed from Jog (1992) .
For the sake of completeness, here we only mention the relevant assumptions and equations, for details see Jog (1992) . The baryonic component (stars or gas) in the galactic disk is modelled as an isothermal fluid, characterized by the surface density Σ and the one-dimensional velocity dispersion or the sound speed c. Next we performed the linear perturbation analysis on the Euler's equations of motion, the continuity equation, and the Poisson equation in a sheared coordinate system defined as:
We define τ as:
In the sheared coordinates, τ is a measure of time, and it becomes zero when the modes becomes radial, that is, where x is along the initial radial direction. Now, assuming a trial solution of the form exp[i(k x x ′ + k y y ′ )] for the independent perturbed quantities, for example, perturbed surface density δΣ, the local, linearized perturbed equations of motion, continuity equation and the Poisson equation become (for details see Jog 1992) :
and,
respectively. Here, v x and v y are the perturbed velocity components in the x and y directions, respectively, and A, B are the Oort constants. Σ 0 denotes the unperturbed surface density, and Ω is the circular velocity at radius R. We note that, the wavenumber is constant in the sheared coordinate system whereas in the uniformly rotating frame it increases with τ (k non−sheared = k y [1 + τ 2 ] 1/2 = k y sec γ ′ ) (for details see Jog 1992) . Now, for an infinitesimally thin disk, the solution of the perturbed Poisson equation (Eq. 6) becomes (for details see e.g. Goldreich & Lynden-Bell 1965; Jog 1992) 
where δΦ is the perturbed potential.
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Introduction of finite thickness in the formulation
For simplicity, we assume that the disk has a constant density that does not vary with z, and the disk has a total thickness of 2h. Now the finite thickness of the disk leads to a reduction in the radial force in the mid-plane (z = 0) by a factor (1 − exp(−kh))/kh in the axisymmetric case where k is the wavenumber of the perturbation (for details see e.g. Toomre 1964; Jog & Solomon 1984; Jog 2014) . This can be thought of as a reduction in the disk surface density (Toomre 1964) .
In an analogous way, for the non-axisymmetric case, the finite thickness of the disk introduces a reduction in the perturbed force terms in the Euler equations along x ′ and y ′ directions in the sheared frame. The form of that reduction factor, say δ, is given by
Now we define θ, the dimensionless measure of the density perturbation as:
Here, δΣ denotes the variation in surface density in the sheared frame whereas in the non-sheared galactocentric frame of reference, it denotes the density for a mode of wavenumber k y (1 + τ 2 ) 1/2 that is sheared by an angle γ ′ (= tan −1 τ) with respect to the radial position. It implies that the higher the value of τ is, the more sheared will be the mode.
Next, we solved the local, linearized perturbed Euler equations, continuity equation and the Poisson equation (Eqns. (3)- (5), and (7)) following the procedure as given in Goldreich & Lynden-Bell (1965, see Eqns. 41-72 there) . We find that the reduction factor in the force terms leads to a modification only in the self-gravity term (which contains δ times the surface density) in the net equation that gives variation in θ with τ. Therefore, δ can be thought of as an effective reduction in the surface density in a similar manner as shown by Toomre (1964) for the axisymmetric case. The resulting equation that gives the variation of θ with τ is thus obtained to be
where κ is the local epicyclic frequency. The four terms within the square bracket of Equation (10) represent the epicyclic motion, the unperturbed shear flow, the pressure of the fluid (stars or gas), and the self-gravity modified due to the finite thickness of the disk, respectively. For small τ values, the epicyclic motion term and the unperturbed shear flow dominates over the pressure term and for a flat rotation curve they cancel each other completely. This results in setting up a kinematic resonance. In addition to that if the self-gravity term dominates over the pressure term then the duration of kinematic resonance increases and the mode undergoes a swing amplification while evolving from radial position (τ = 0) to trailing position (τ > 0) (for details see Goldreich & Lynden-Bell 1965; Toomre 1981) . However, for large |τ| values , the pressure term dominates over other terms, and the corresponding solution will be oscillatory in nature.
We define maximum amplification factor (MAF) for a given mode as follows :
where θ max and θ ini are the maximum and initial amplitudes of the oscillation, respectively. Now we introduce three dimensionless parameters, namely, Toomre Q parameter (Toomre 1964) = κc/πGΣ, η (= 2A/Ω) which denotes the logarithmic shearing rate and X = (λ y /λ crit ), where λ crit = 4π 2 GΣ/κ 2 . Also, we express the quantity k y h as k y h = k y /k crit × (k crit h) = X −1 β, where β = k crit h. Equation (10) can then be written in terms of these quantities, which in turn gives the evolution of θ with τ as:
where
It is straightforward to check that in the limit h → 0, Equation (12) reduces to the standard equation for an infinitesimally thin disk which is given as (e.g. see Jog 1992; Ghosh & Jog 2014) 
For a given set of parameter values we solve Equation (12) numerically by fourth-order Runge-Kutta method while treating Equation (12) as two coupled, first-order linear differential equations in θ and dθ/dτ.
Swing amplification in two-fluid model of galactic disk with finite thickness
Here in this section, we briefly present the derivation of the equations for the swing amplification in a galactic disk where the galactic disk is modelled as a gravitationally-coupled two-fluid (stars and gas) system, with each component corotating with each other. Each component is assumed to be isothermal, and they are characterized by surface density Σ i , one-dimensional velocity dispersion or the sound speed c i , where i = s, g denotes the stars and gas, respectively. The stellar velocity dispersion is assumed to be higher than that of gas, in accordance with the observed trends seen in galaxies in the local Universe.
2.3.1. One component has finite thickness, the other is infinitesimally-thin First, we modelled the galactic disk as consisting of two isothermal fluids where one component (stars) has a total finite thickness of 2h 1 and the other component (gas) is infinitesimally-thin. This particular modelling of a galactic disk, although somewhat contrived, allows us to investigate the effect of finite thickness of one fluid on the resulting swing amplification of the other fluid which is taken as infinitesimally-thin in nature.
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Following the procedure as given in § 2.1, the the local, linearized perturbed equations of motion, continuity equation, and Poisson equation in the sheared frame can be expressed as
respectively. δΦ tot (= δΦ s + δΦ g ) is the total perturbed gravitational potential. Σ 0i and δΣ i are the unperturbed and perturbed surface densities for the i th component, respectively. In analogy to the one-fluid finite thickness case, for the nonaxisymmetric two-fluid case also where one fluid (stars) has finite thickness and the other (gas) being infinitesimally-thin, the perturbed forced terms in the Euler equations for the fluid (having finite thickness) will have a reduction factor, δ s whose form is given as
Now in a similar way as done for the one-fluid case, we find that the reduction factor in the force terms results in a modification only in the self-gravity term (which contains δ times the surface density) in the net equation that gives the variation in θ with τ. Therefore, δ can be thought of as an effective reduction in the corresponding surface density. The net coupled equations that give the evolution of θ i with τ are obtained to be
where i = s, g for stars and gas, respectively. As before, we introduce dimensional quantities such as
2 , and β 1 = k crit h 1 . In terms of these dimensionless quantities, the final equations expressing the evolution of θ i with τ reduce to
The maximum amplification factor (MAF) for each component is defined separately as in Equation (11).
From Equations (20) and (21) it is evident that the solution for any individual fluid is governed by the self-gravity term set by both the fluid components, and hence introduction of finite thickness of a component is likely to have impact on the other fluid although the latter is modelled as infinitesimally-thin. In other words, for a gravitationally coupled two-fluid system, both the resulting (θ i ) and (θ i ) max for the infinitesimally-thin fluid (gas) will be affected by the finite thickness of the other fluid (stars), for results see § 3.3.1.
For a given set of parameter values we solved Equations (20) and (21) numerically by forth-order Runge-Kutta method while treating Equations (20) and (21) as four coupled, first-order linear differential equations in θ i and dθ i /dτ. We point out that for this linear analysis, the ratio of perturbed to unperturbed surface density (θ i ) may be multiplied by an arbitrary scale factor (say α) such that the net fractional amplitude αθ i remains ≪ 1, for all τ values considered (for details see Jog 1992) .
The corresponding condition for this model of galactic disk to be stable against the local, axisymmetric perturbation is (for details see Jog & Solomon 1984) (
where X ′ = λ a /λ crit , and λ a denotes the wavelength of the axisymmetric perturbation. This ensures that the system is stable against axisymmetric perturbations, hence essentially we are solely dealing with the growth of the non-axisymmetric perturbations.
For a given set of parameters, the inequality (Eq. 22) has to be satisfied for all wavelengths (
2 /2 (for details see Jog & Solomon 1984) . Also, while choosing a set of parameters, we ensured that for that set of parameters, the ratio of gas velocity dispersion to stellar velocity dispersion is always less than unity (for details see Eq. (31) in Jog 1992).
Both components having finite thickness
Here we employed a more realistic modelling of a galactic disk by treating it as a two-component system consisting of two isothermal fluids (stars and gas) and each of the fluids has a total thickness of 2h i , where i = s, g for stars and gas, respectively. Now it is straightforward to show that for such a two-fluid model with each component having a total thickness 2h i , the net reduction in the perturbed force terms in the Euler's equation in the sheared frame will have a reduction factor δ i whose form is given by
Next, in a similar way as done in § 2.3.1, we find in the twofluid case where each of the fluids has a total finite thickness of 2h i , the net equation that gives the variation in θ i with τ, only the surface density terms of the fluids having finite thickness are modified to contain the corresponding reduction factors δ i . Hence these can be thought of as the effective reduction factors for the corresponding surface densities. These coupled equations are obtained to be:
In terms of the dimensionless quantities introduced above, the final equations expressing the evolution of θ i with τ reduce to
We checked that, in the limits of β s → 0 and β g → 0, Equations (25) and (26) reduce to the standard equation for an infinitesimally thin two-fluid disk, as expected (see in Jog 1992) .
The condition for the system to be stable against the axisymmetric perturbation is (for details see Jog & Solomon 1984) (1 − ǫ) Fig. 1 : Variation in θ = δΣ/Σ, the ratio of the perturbed surface density to the unperturbed surface density, with τ, dimensionless time in the sheared frame, plotted for three different β values, and for Q = 1.1, X = 1, η = 1, for a one-fluid case. As seen clearly, with the increase of the disk thickness, the resulting MAF of the solution decreases steadily. The net amplitude αθ ≪ 1at all τ, where α is a scale factor.
where X ′ = λ a /λ crit , and λ a denotes the wavelength of the axisymmetric perturbation.
Results
First, we investigated the effect of finite thickness in the swing amplification process for a one-fluid case, and then we examined the effect of finite thickness for a gravitationally-coupled twofluid galactic disk.
Choice of k crit value
It is clear from the definition of β that its value is dependent on the value of k crit (see § 2.2 for details). Therefore, for the same thickness of a disk, the values of β will be different depending on the values of k crit . Here, for the sake of uniformity, we chose k crit = 1 kpc −1 . We note that in the solar neighbourhood, a v c (rotation velocity) of ∼ 220 km s −1 and Σ ∼ 45 M ⊙ pc −2 (e.g. see Mera, Chabrier & Schaeffer 1998; Narayan & Jog 2002b) will produce k crit ∼ 1 kpc −1 , thus justifying our assumption of k crit value as being reasonable. See Appendix : A for the details of choice of β values.
Effect of finite thickness for one-fluid galactic disk
We first examined the effect of finite thickness in a one-fluid galactic disk. We take Q = 1.1, so that the disk is stable against the local, axisymmetric perturbation (Toomre 1964 ) and still the self-gravity is important (for details see Binney & Tremaine 1987) . Also, we have taken X = 1, and η = 1 (corresponding to a flat rotation curve). The corresponding solutions for different β values are shown in Fig. 1 .
We note that we have taken η = 1 throughout which corresponds to a 'flat' rotation curve. However, the finite thickness only modifies the self-gravity term while leaving other terms unchanged (for details see § 2.2), and hence the variation in η will not have much effect on the findings presented here.
From Fig. 1 , two trends are evident which we mention here.
A&A proofs: manuscript no. ghosh_corrected -The resulting MAF of the swing amplification decreases monotonically with the increase of thickness of the galactic disk. To express it quantitatively, the MAF for β = 0.8 decreases by ∼ 53 % as compared to what is seen for the infinitesimally-thin disk (β = 0). This trend is in fair agreement with the results obtained for a stellar sheet with finite thickness as shown by Julian & Toomre (1966) . -The pitch angle, defined as γ = tan −1 τ max where τ max denotes the epoch of maximum amplification, changes only moderately. Quantitatively, it changes only ∼ 5 % for a thickness of 800 pc (β ∼ 0.8) as compared to an infinitesimally-thin disk. We note that the definition of pitch angle employed in this paper is different from the usual definition used in the literature (e.g. see Fig. 6 .8 in Binney & Tremaine 1987) . To compare our values of pitch angle with the standard usage, one has to take i std = 90 0 − γ, where i std is the pitch angle in the usual definition.
The physical explanation for these trends is as follows: The introduction of finite thickness induces an effective reduction in the self-gravity term (for details see § 2.2), and hence it can no longer dominate over the pressure term as strongly as it would have for the infinitesimally-thin case. During the rising phase or when the swing amplification sets in (τ ∼ 0), the self-gravity term has a weak dependence on τ. Hence, the reduction factor due to disk thickness is effective for a larger τ range (or over several e-folding time) where the peak of the growth occurs, and therefore has a strong, non-linear damping effect on the resulting amplification (see also Julian & Toomre 1966) . The quantitative variation of the reduction factor with β and τ is discussed later (see § 3.3 & 3.4). As a result, the MAF decreases monotonically with the steady increase of the thickness of the disk. On the other hand, the pitch angle remains mostly unchanged since γ = tan −1 τ max , by definition so it depends weakly on the values of τ max . This is reflected in the marginal change in the pitch angle as a function of β.
Next we studied the systematic variation in the MAF of the resulting swing amplification as a function of Q and finite thickness (β). The self-gravity term becomes progressively less important with the increase of Toomre Q value (e.g. see Binney & Tremaine 1987) , and the specific MAF of the swingamplified features also decrease with the increase of Q (e.g. see Toomre 1981) . Therefore it would be worth checking the effect of finite thickness for a wide range of Toomre Q values. Fig. 2 shows the systematic variation in the MAF as a function of finite thickness (β) for different Q values. The MAF decreases monotonically with the steady increase of disk thickness, and this remains true for the whole range of Toomre Q values we considered here. Quantitatively, for Q = 1.3, the MAF is reduced by ∼ 48 % for β = 0.7 as compared to a infinitesimallythin disk, whereas for Q = 1.5, the change in MAF for β = 0.7 is ∼ 50 % as compared to the infinitesimally-thin disk. It means that the resulting swing amplified spiral features will be weaker than the case of infinitesimally-thin disk. Thus, introduction of finite thickness of the disk decreasing the amplitude of the resulting swing amplification turns out to be a generic trend, that is, it holds true for all Toomre Q values. This is one of the main findings of the paper.
Interestingly, we find that finite thickness strongly affects the limiting value of Toomre Q parameter denoting the total suppression of the growth of the non-axisymmetric perturbations. As shown in Fig. 2 , for Q = 1.6, any β value more than 0.6 (corresponding to a disk thickness of 600 pc) will prevent the swing amplification completely, thus the system will not For a given Toomre Q value, the resulting MAF decreases steadily with the increase of disk thickness, whereas the pitch angle (γ) increases monotonically with the increase of disk thickness, thus implying the spiral features will be more tightly wound. The definition of pitch angle used here is different from the standard definition used in literature, for details see text. 90 o − γ will yield the pitch angle according to the standard definition. be able to support any small-scale swing-amplified spiral features. We further checked that for even higher values of Q (i.e. Q ≥ 1.7) the system stops displaying swing amplification even for β ≥ 0.3 (corresponding to a disk thickness of 300 pc, as typically seen in the galactic disk of our solar neighbourhood). In the past, Q ≥ 2 was shown to be a sufficient condition for the stability against the non-axisymmetric perturbations (e.g. see Toomre 1981; Carlberg & Freedman 1985; Larson 1988) , while a smaller limit of Q ≥ 1.7 was given by Polyachenko (1989) . Here, we show that even Q = 1.7 and β = 0.3 will be sufficient (as opposed to Q = 2 for infinitesimally-thin case) to prevent the growth of the non-axisymmetric perturbations completely. Hence, the limiting Toomre Q value denoting the complete suppression of growth of non-axisymmetric perturbation depend critically on the finite thickness of the disk. This is another main result of this paper.
Effect of finite thickness for two-fluid galactic disk
Here we investigated the effect of finite thickness on the resulting swing amplification in a galactic disk modelled as a gravitationally-coupled two-fluid (stars and gas) system. As we show in this section and later, the interstellar gas (having lower velocity dispersion than of stars) and the finite thickness have an opposite effect on the resulting swing amplification. Therefore, due to the gravitational coupling, the two-fluid model can show a diverse, and complex behaviour.
Stellar disk has finite thickness, gas disk is infinitesimally-thin
Here, in the two-fluid (star-gas) model for the galactic disk, the stellar disk has a total thickness of 2h s , with the gas disk being treated as infinitesimally-thin. This allows us to isolate the effect of the finite thickness of the stellar disk on the swing amplification in the gas disk (treated as infinitesimally-thin). First, we considered a case where Q s = 1.5, Q g = 1.2, ǫ = 0.1, η = 1 and X = 1. This set of input parameters satisfies the inequality given by Equation (22), thus making the jointsystem stable against the local, axisymmetric perturbation, and also at the same time allows finite swing amplification in both the components. We then systematically varied the finite thickness of the stellar disk from β s = 0.1 to β = 0.7, and for each case we have solved the Equations (20) and (21). The resulting MAFs and the pitch angles (γ) in the gas disk are shown in the Fig. 3 . Also, for comparison we calculated the resulting MAF for a infinitesimally-thin two-fluid case while keeping the input parameters unchanged (i.e. Q s = 1.5, Q g = 1.2, ǫ = 0.1, η = 1 and X = 1).
From Fig. 3 it is clear that the MAF in the gas disk continues to decrease monotonically with the increase in the finite thickness of the stellar disk (β s ). To state quantitatively, the MAF in the gas disk decreases by ∼ 48 % for a case of β s = 0.7 when compared against the MAF of the same gas disk for the infinitesimally-thin two-fluid case. Thus, in spite of the fact that the gas disk is modelled as infinitesimally-thin and gas has a lower velocity dispersion (allowing larger growth of the non-axisymmetric perturbations), the finite thickness of the stellar disk affects the resulting MAF in the gas disk in a gravitationally-coupled system. This is one of the main findings of this paper. However, the pitch angle in the gas disk does not change appreciably and the change is only about ∼ 7-10 %.
Also we checked that the MAF in the stellar disk decreases with the increase of finite thickness in the stellar disk, in agreement with the trend found for the one-fluid case (see § 3.2). However, for this two-fluid model of galactic disk and the assumed parameter values, the stellar disk stops showing any finite amplification from β s ≥ 0.5 (see Fig. 4 b) , thus implying the absence of swing-amplified features in the stellar disk. This is surprising in the sense when the galactic disk is modelled as one-fluid system, the stellar disk would still display MAF grater than unity even for β s ≥ 0.5 (see Figs. 4 a & 2) .
To explain this, we note that in a galactic disk modelled as a gravitationally-coupled, two-fluid system, the low velocity dispersion component, namely, gas tends to increase the MAF of swing-amplified features in the stellar disk and the maximum amplification occurs at a later epoch (i.e. for larger τ values) even when the contribution of gas is moderate (for details see Jog 1992) . On the other hand, finite thickness of the disk tends to diminish the MAF of the swing-amplified features, as shown in the earlier sections. Therefore, the net MAF of the swing-amplified 3.1) and the pitch angle γ (bottom panel) of the resulting swing amplification in the gas disk for a two-fluid (stars and gas) system where stellar disk has a finite thickness and the gas disk being infinitesimally-thin, plotted as a function of stellar disk finite thickness (β s ). Here, Q s = 1.5, Q g = 1.2, ǫ = 0.1, η = 1, X = 1. Although modelled as infinitesimally-thin, the MAF of the swing-amplified features in the gas disk decreases steadily with the increase of finite thickness (equivalently an increase in β s ) of the other component due to the gravitational coupling between the two fluid components, for details see text.
features in the stellar disk will be decided by the mutual interplay between these two opposite effects.
Next, we investigated how the reduction factor due to finite thickness depends on τ values. This is shown in Fig. 5 .
Due to the dependence of the reduction in self-gravity for finite thickness with τ values, at larger τ values (where the maximum amplification was likely to take place) the reduction is more for larger β s (≥ 0.5) values (see Fig. 5 b) , and hence the resulting self-gravity term fails to dominate over the pressure term, unlike the case for one-fluid system where the resulting self-gravity could still dominate over the pressure term; thus resulting in finite swing amplification even for β s ≥ 0.5. Thus, the effect of gas on the swing amplification to happen at a later epoch (i.e. larger τ values) in turn indirectly limits the ranges of parameter for which the stellar disk will be able to support swing amplification.
To further study the mutual interplay between the effect of gas and of finite thickness, next we chose a higher value of gasfraction (ǫ = 0.15) while keeping other input parameters as before, and calculated the resulting MAFs in both the stellar and gas disk from Equations (20) and (21). We note that for this assumed set of input parameters, the inequality as given in Equation (22) is not satisfied, and consequently the swing amplification in the resulting two-fluid system will be high. The solution for β s = 0.5 is shown in the Fig. 4 c.
We find that even for higher value of gas-fraction (ǫ), the MAF of the swing-amplified features in the gas disk continues to decrease monotonically with the increase of finite thickness of the stellar disk. To express quantitatively, the MAF in the gas disk decreases by ∼ 65 % for β s = 0.7 when compared with the infinitesimally-thin disk. However, due to the larger contribution of gas, for a fixed β value, the corresponding MAF values of the swing-amplified features in both the stellar and the gas disk are higher than that for ǫ = 0.1. For larger τ values, the solution for A&A proofs: manuscript no. ghosh_corrected (c) show results for gravitationally-coupled, two-fluid (stars and gas) cases where stellar disk has a finite thickness with the gas disk being infinitesimally-thin. The assumed input parameters (Q s , Q g , ǫ, β s ) are indicated in the legend. As seen clearly, the introduction of finite thickness reduces the MAF while gas increases the MAF, and hence the net amplification will be set by the dominant factor (for details see text). The net amplitude αθ ≪ 1at all τ, where α is a scale factor. stellar disk follows the solution for the gas disk, and oscillates around a non-zero mean; thus producing scalloped features (for details see Jog 1992 ). Interestingly, due to the higher contribution from gas, the resulting two-fluid disk allows finite though small swing amplification in the stellar disk for β s = 0.5 (see Fig. 4 c) unlike the case for ǫ = 0.1. This clearly brings out the mutual interplay between the opposite effects of finite thickness and the gravitational coupling of the fluids. Due to the larger contribution of gas, the resulting self-gravity term can dominate over the pressure term even for β s = 0.5 (unlike the case of ǫ = 0.1); thus allowing finite amplification to take place. However, we find that for larger values of β s (≥ 0.7) the resulting self-gravity term can no longer dominate over the pressure term and swing amplification in the stellar disk is prevented, that is, the effect of finite thickness prevails again over the effect of gravitational coupling of the fluids, but for a higher cut-off in the stellar thickness.
Thus, the dependence of reduction factor (due to finite thickness) on τ and the strong gravitational-coupling between two fluids, taken together can produce a wide range of complex yet rich physical scenarios which otherwise could not be captured by either the one-fluid or the two-fluid infinitesimally-thin modelling of the galactic disk.
Both the stellar & gas disk have finite thickness
Here we studied a more realistic model for galactic disk where the disk is treated as a gravitationally-coupled two-fluid (stars and gas) system and each fluid has a total thickness of 2h i , i= s, g for stars and gas, respectively where h s > h g .
We considered a case where Q s = 1.8, Q g = 1.2, ǫ = 0.15, β g = 0.1 (corresponding to thickness of 100 pc), η = 1 and X = 1. This is representative of inner regions of Sb-type galaxies (Jog 1992 ). Then we varied the thickness of the stellar disk from β s = 0.1 to β s = 0.7. This allows us to investigate further the mutual interplay between the effect of finite thickness and the effect of gas for a more realistic model for galactic disk. Here we chose a slightly higher value for Q s just to make sure that : Variation in θ = δΣ/Σ, the ratio of the perturbation surface density to the unperturbed surface density, with τ, dimensionless time in the sheared frame, plotted for gravitationallycoupled two-fluid (stars and gas) system. In the top panel, both fluids are modelled as infinitesimally-thin whereas in the bottom panel, both fluid disks have finite thickness. In both cases, Q s = 1.8, Q g = 1.2, ǫ = 0.15, η = 1, and X = 1. For the infinitesimally-thin case (top panel), a high gas-fraction induces finite swing amplification in the stellar disk, but the introduction of finite thickness prevents the growth of swing-amplified modes almost completely (bottom panel). The net amplitude αθ ≪ 1at all τ, where α is a scale factor.
the resulting two-fluid system will satisfy the inequality given by Equation (27). We note that, the scale-height of HI disk in our Galaxy is ∼ 100-120 pc for R < 8.5 kpc (Lockman 1984) . Similarly, the scale-height of H 2 disk in our galaxy is ∼ 100 pc (e.g. see Scoville & Sanders 1987; Wouterloot et al. 1990 ). This supports our choice of β g for the gas disk as reasonable.
The MAF in both the stellar and the gas disk continues to decrease with the introduction of finite thickness of both the disks, in agreement with the findings of previous sections. For illustration, the solution for β s = 0.5 and β g = 0.1 is shown in Fig. 6 and the solution for the infinitesimally-thin case is also plotted for the direct comparison (also see Jog 1992) .
Quantitatively, the MAF in gas disk is decreased by ∼ 60 % for β g = 0.1 and β s = 0.7 when compared with the two-fluid, infinitesimally-thin disk case. This is because of the reduction in the self-gravity of the joint system due to finite thickness of both stellar and gas disks. For the stellar disk, values of β s ≥ 0.3 prevent the finite swing amplification almost completely, thus leaving the inner regions of the stellar disk devoid of any strong, small-scale spiral features. Even for some cases with high gasfraction (e.g. ǫ = 0.2), the effect of the interstellar gas in supporting strong spiral arms in the stellar gas can not prevail over the effect of the finite thickness in suppressing the spiral arms in the stellar disk. has shown that the MAF of the swing-amplified features vary with different values of X (e.g see Toomre 1981; Athanassoula 1984) . Also, the reduction in self-gravity when written in terms of the dimensionless quantities, also depends on X (see § 2.2). Therefore, it is worth checking how the reduction in self-gravity due to finite thickness changes the resulting swing amplification for X values other than unity.
In Fig. 5 , we have already shown how the reduction in the self-gravity changes for different β values and for X = 0.5 and X = 1.5. We note that, the reduction in the self-gravity (at the mid-plane, z = 0) depends on the argument X −1 β (see § 2.2), and therefore, for a fixed value of β, a smaller value of X will cause a higher reduction in the self-gravity, and vice versa. This fact is evident when the reduction factors for X = 0.5 and X = 1.5 (plotted in Figs. 5 a & c) are compared with the reduction factor for X = 1 (see Fig. 5 b) . Now, we check the dependence of the results on X for onefluid model of the galactic disk. Fig. 7 shows the systematic variation in the MAF and the pitch angle (γ) of the resulting swingamplification in a one-fluid system, for different finite thickness (β) values, and obtained for X = 1.5. The MAF of the swingamplified features decrease monotonically with the increase of finite thickness, and the pitch angle (γ) will remain mostly unchanged. Quantitatively, for Q = 1.3, the MAF decreases by ∼ 34 % for a thickness of 700 pc (i.e. β = 0.7) when compared to the infinitesimally-thin disk. We checked that the relative decrease in MAF remains similar for other Q values. This trend is in agreement with the findings for X = 1. Also, a one-to-one comparison with Figs. 2 and 7 demonstrates that for larger X values, the reduction in the self-gravity is smaller, and consequently the MAF is higher, as argued above in this section.
On the other hand, for X = 0.5 and for Q ≥ 1.5, the system could no longer support any swing amplification, because the reduction in self-gravity becomes large enough to swamp the finite swing amplification almost completely.
Article number, page 9 of 13 A&A proofs: manuscript no. ghosh_corrected Fig. 8 : Variation in θ = δΣ/Σ, the ratio of the perturbation surface density to the unperturbed surface density, with τ, dimensionless time in the sheared frame, plotted for a gravitationally-coupled two-fluid (stars and gas) system where both fluids have finite thickness. Here, Q s = 2.0, Q g = 2.0, and ǫ = 0.2. The effect of finite thickness prevails over the effect of the interstellar gas, even for this case with high gas-fraction, and hence the stellar disk can no longer host strong, small-scale spiral arms (for details see text). The net amplitude αθ ≪ 1at all τ, where α is a scale factor.
Application to real galaxies
In this section, we chose some parameter ranges (Q s , Q g , and ǫ) typical of different regions of realistic galaxy cases and studied the effect of finite thickness on the resulting swing amplification process.
First, we chose Q s = 2.0, Q g = 2.0, and ǫ = 0.2, η = 1, X = 1. This parameter range may be typical for the outer regions of the disks of Magellanic-type irregular galaxies where the gas fractions are high (∼ 20 − 30%, e.g. see Gallagher & Hunter 1984) and the lower values of κ and Σ will produce a larger value of Toomre Q (for details see Jog 1992 ). Then we set β g = 0.1 and β s = 0.3, and 0.5, and study the effect of the finite thickness on the resulting swing amplification in both the stellar and the gas disks. A typical case for β s = 0.3 and β g = 0.1 is shown in Fig. 8 , for illustrative purpose.
From Fig. 8 , it is evident that the stellar disk is not capable of showing any finite swing amplification, implying that in the outer parts of such Magellanic-type irregular galaxies, stellar disk can no longer display any strong, small-scale spiral features. This is a drastically different result when compared to the infinitesimally-thin two-fluid case in which the stellar disk can show finite swing amplification in the presence of high-fraction (ǫ ∼ 20%) of low velocity dispersion component, namely, the interstellar gas (see Fig. 2 in Jog 1992) . The effect of finite thickness suppresses the swing amplification in the stellar disk, and even the high gas content can no longer support swing amplification in the stellar disk which otherwise would have been possible for the infinitesimally-thin system. Also, the MAF of the resulting swing amplification in the gas disk decreases as compared to what is found for the infinitesimally-thin system. Also, in the cases of dwarf galaxies, the thickness of the gas disk is higher (Banerjee et al. 2011 ) and hence β g = 0.3 is also possible. This will also lead to a further decrease in the amplification seen in the gas disk, and therefore may explain why such late-type dwarf galaxies do not show strong, local spiral features.
Next, we considered Q s = 1.8, Q g = 1.2, and ǫ = 0.15. This parameter range is typical for the R ∼ 5 kpc of our Galaxy, where the molecular ring peaks, and perhaps also for the central regions of the gas-rich galaxies (e.g. see Jog & Solomon 1984; Jog 1992; Binney & Merrifield 1998 ). Then we set β s = 0.5, β g = 0.1, and studied the effect of finite thickness on the swing amplification process. As already shown in Fig. 6 , even a high gas-fraction can not promote swing-amplified features in the stellar disk (contrary to the case for the infinitesimally-thin disk case, Jog (1992) ). Here, the damping effect of finite thickness prevails over the effect of gas, and hence the stellar disk can no longer host strong, small-scale, swing-amplified spiral arms in the very central regions.
Discussion
Here, we discuss a few points relevant for this work.
1. The modelling of a galactic disk as a gravitationallycoupled two-fluid system where each component has a finite thickness (as done here) is quite general and can be applied to any two dynamically distinct populations of a galactic disk other than stars and gas system which we have explored here. The coexistence of two mutually opposite effects, namely, the effect of finite thickness in suppressing the swing amplification and the effect of a lower velocity dispersion component (e.g. gas) in promoting swing amplification can lead to diverse and complex physical results depending on the relative strengths of these two effects mentioned above.
2. Existence of a thick-disk component in disk galaxies was first discovered by Tsikoudi (1979) and identified as a distinct structural component by Burstein (1979) . After that several careful and extensive observations have revealed the ubiquity of such a thick-disk component for the external galaxies (e. g. see Yoachim & Dalcanton 2006; Comeron et al. 2011a ) as well as for Milky Way Gilmore & Reid (1983) , consisting of relatively old and metal-poor stars (e. g. see Reid & Majewski 1993; Chiba & Beers 2000) . Also, a recent study by Comeron, Salo & Knappen (2017) has shown that the thick-disk component is not the artefact of the scatter diffuse light as has been suggested earlier in the literature. In this paper, we do not explicitly study the thick-disk case, however, we expect that the qualitative trends shown in this paper would hold good for the thick-disk case also.
3. The stellar disk is known to flare (i.e. the scaleheight increases) by a factor of few within the optical radius (e.g. Narayan & Jog 2002a; de Grijs & Peletier 1997; Lopez-Corredoira & Molgo 2014) , and also the gas disk is known to flare steeply in the outer Galaxy (Levin et al. 2008) . Therefore, in the light of findings of this paper, the phenomena of flaring of both the stellar and the gas disks will have a suppressing effect on swing amplification operating in the outer parts of the optical disk and beyond. Thus we predict that the very outer parts of galaxies would not tend to support the small-scale spiral arms.
4. Some early-type dwarf galaxies in Virgo cluster (e.g. IC 3328) do show weak grand-design spiral arms despite having a thick disk and being gas-poor (Jerjen et al. 2000; Lisker et al. 2006; Lisker & Fuchs 2009 ). Therefore, in light of the findings from this paper, the presence of spiral arms in such systems is a puzzle. However, we point out that finite-thickness of the disk and dearth of interstellar gas does not necessarily rule out the possibility of an occasional spiral arm arising due to a tidal encounter (e.g. as shown in Toomre & Toomre 1972; Binney & Tremaine 1987) . However, due to the reduction in self-gravity (because of finite thickness) in the disk mid-plane, the disk will be more stable, and hence the resulting spiral features will be in general weak. We also note that the structure seen in this galaxy (IC 3328) is global spiral pattern while we are considering only the local, small-scale spiral features.
5. Galaxies at high redshift are known be gas-rich (some cases as high as ∼ 50 %, see e.g. Daddi et al. 2010; Tacconi et al. 2010) , and also has thick disk (e.g. see Elmegreen & Elmegreen 2006) . Therefore, it would have been interesting to extend the analyses of this paper to those cases. However, we point out that these galaxies at high redshift display a wide variety of morphology from clumpy, disturbed disks to even chain-like structure (Elmegreen et al. 2009 ). Also, the turbulent velocities are very high and can be comparable to the underlying rotation velocity (Forster-Schreiber et al. 2006; Bournaud et al. 2008 ). Thus, these galaxies do not seem to have a well-defined differentially rotating disk as we encounter in galaxies in the local Universe. Since, differential rotation of the disk is a pre-requisite for the swing amplification to work, therefore it is not straightforward to extend the study presented in this paper for galaxies at high redshift.
6. For simplicity of the calculation, we have assumed a constant density along the z direction throughout the calculation, and considered the finite thickness of the disk in such a way that thickness although finite, however is small when compared to the wavelength of the perturbation (for more discussion see Jog 2014) . This assumption, in turn restricts us from exploring the entire parametric space for β. Nevertheless, even the smaller β range that we could explore here, has conclusively brought out the physical importance of the finite thickness on the swing amplification process.
7. We note that the formalism of introduction of finite thickness of the disk in the swing amplification process and the subsequent results obtained in the previous sections are essentially based on linear perturbation analysis. In reality, processes operating in the disk galaxies are non-linear in nature. In the past, it was shown that the presence of non-linearity in the system can modify the results expected from the linear theory. For example, D 'Onghia, Vogelsberger & Hernquist (2013) showed that the highly non-linear response of the galactic disk can significantly modify the persistence of the spiral structure.
Here, we point out that recent N-body models of the galactic disk assume a finite thickness for the disk component. Therefore in the light of the finding of this paper, we caution that a careful choice is to be made for the thickness of the galactic disk in cases of simulations where the results predict the existence and the strength of the spiral structure.
Conclusion
In summary, we have studied the physical effect of finite thickness of a differentially rotating galactic disk on the resulting growth of non-axisymmetric perturbations via swing amplification. This was done by modelling the galactic disk first as a one-fluid system, and then as a gravitationally-coupled two-fluid (stars and gas) system.
The main results of this work are summarized below.
-The introduction of finite thickness decreases the maximum amplification factor (MAF) of the resulting swing-amplified spiral features for the one-fluid model of the galactic disk.
This finding holds true for a wide range of Toomre Q parameter values studied here. -The limiting value of Toomre Q parameter denoting the sufficient condition for stability against non-axisymmetric perturbation is shown to get modified due to the introduction of the finite thickness of the galactic disk. The observed thickness range of 300-500 pc can suppress the growth of the non-axisymmetric perturbation at Q ∼ 1.7 as compared to Q = 2.0, required for the infinitesimally-thin disk case (as shown in the past literature). -For a gravitationally coupled two-fluid (star-gas) system, the net amplification is shown to be set by the mutual interplay between effect of gas in supporting the strong spiral features and the effect of finite thickness in preventing the spiral arms. We showed that even a high value of gas-fraction (e.g. ǫ = 0.2) is not able to induce any finite swing amplification in the stellar disk with finite thickness. This is a drastically different scenario when compared to the two-fluid gas-rich infinitesimally-thin system. Spiral arms are known to transport angular momentum (Lynden-Bell & Kalnajs 1972; Saha & Jog 2014) and are one of the main drivers for the secular evolution of galaxies. Since the inclusion of finite thickness of disk can lead to the suppression of formation of strong, small-scale spiral arms (as shown here), therefore, finite thickness of a disk could have a non-trivial effect of delaying the long-term evolution of disk galaxies.
